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Abstract 

We prove the following generalization of an example of Hartshorne: 
Let A: be a field, n > 4, R = k[[Xi, . . . ,X n ]], I = (Xi, . . . , X n _ 2 )R and 
p € R a prime element such that p 6 (X n -i,X n )R. Then H™~ 2 (R/pR) 
is not artinian. 

1 Introduction 

It is an interesting question to determine if a given local cohomology module 
H l j(M) is artinian, where I is an ideal of a noetherian local ring (R, m) and 
M is a finite ii-module; in fact, this is one of Huneke's problems on local 
cohomology (see [HI third problem]). 

In general a given ii-module A is artinian if and only if both 

Su PPi? (A) C {m} (Ax) 

and 

soc(A) := Hom/j (R/m, A) is finitely generated (^2) 

hold. Hartshorne (see [21 section 3]) showed that Hj(R) is not artinian, 
where A; is a field, R = k[[u,v,x,y]]/(ux + vy) and I C R is the ideal gen- 
erated by the classes of u and v in R (in fact Hartshorne showed something 
slightly different, but it is not difficult to modify his result to the statement 
mentioned above). More precisely, Hj(R) fulfills (Ai), but not (^2)- 

On the other hand, recently, modules of the form D(HUM)) have been 
studied for general R, I, i and M (see H El E] , D (-) is the Matlis dual 
functor, see P for details on Matlis duality). It turns out that the study 
of these objects leads to an elegant proof of Hartshorne's example; in fact 
we show that D(Hj(R)) is not noetherian, where Hj(R) is the local coho- 
mology module of Hartshorne's example. Hence Hj(R) cannot be artinian. 
Furthermore, our method can be used to show the following more general 
result: 
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Theorem 1.1. Let k be a field, R = k[[X\, . . . ,X n ]] a power series algebra 
over k (n > 3), I = (X\, . . . , X„_2)-R and p a prime element of R such 
that p G (Xn-uXnjR. Then H^ 2 (R/pR) fulfills {A^, but not (A 2 ); in 
particular, it is not artinian. 

It should be remarked that Mar ley and Vassilev (see [101 theorem 2.3]) 
have generalized Hartshorne's example in a different direction. Due to dif- 
ferent hypothesis, their and our generalization can be compared only in a 
special case, see remark \2. 61 for details. 

The authors thank Gennady Lyubeznik for drawing their attention to 
Hartshorne's example. 



2 Results 

Let k by a field, n > 3, R = k[[X\, . . . ,X n ]] a formal power series algebra 
over k, I the ideal (X\, . . . , X n -2)R of R and define 

D;=D{Rr\R)) , 

where -D(-) is the Matlis dual functor, i. e. D{M) := Hom/j(M, E R {R/m)) 
for any .R-module M, E R {R/m) being a fixed -R-injective hull of R/m. Our 
method is to study the module D, here are some properties of D: 

Properties 2.1. (i) Every associated prime p 6 Ass R (D) has height(p) < 2. 
(ii) For every prime ideal p of R with height(p) = 2 one has: 

p £ Assr(D) I + p is m-primary. 

Proof, (i) Let p E Ass^(D). We conclude 

± Rom R {R/p,D) 

= D(H?- 2 (R)/pH?-\R)) 
= D(H?~ 2 (R/p)) . 

Here the first equality follows formally from the exactness of D(_) and the 
second from the right exactness of the functor H™~ 2 (_) = H?^ 2 x 2 \r(-)- 
It is well-known that H™~ 2 (R/p) ^ implies dim(R/p) > n — 2. 
(ii) Let j) be a prime ideal of R of height two. Because of (i), we have 

peAss R (D) Rom R (R/p,D)^0 . 



2 



In the proof of (i) it was shown that the latter module equals 

D{H"-\R/p) 

and, by the well-known Hartshorne-Lichtenbaum vanishing theorem, is non- 
zero if and only if the ideal / + p is m-primary. 

Example 2.2. In the above situation, take n = 4 and, for every A G k, 
define 

p x :=(X 3 + XX 1 ,X 4 + XX 2 )R . 

Clearly, every p\ is a height two prime ideal of R and, by property (ii) above, 
is associated to D = D(Hj(R)). On the other hand, for every A E k, one 
has 

p := X X X 4 + X 2 X 3 G p\ 

(because of p = X±(X 4 — XX 2 ) + X 2 (X 3 + XXi) ). Therefore, at least if k is 
infinite, D has infinitely many associated primes containing p. This implies 
that 

Rom R {R/pR,D) 

cannot be finitely generated. But, as we have seen in the proof of property 
(i) above, Homn(R/pR, D) is the Matlis dual of 

H](R/pR) 

and so Hj(R/pR) cannot be artinian. 

Remark 2.3. This is essentially Hartshorne's example (J^ section 3]), the 
main difference is that Hartshorne works over the ring k[X 3 , X 4 ]\[Xi, X 2 \\, 
while we work over the ring k^X\,X 2 , X3, X4]]; but the two versions are 
essentially the same, because the module 

Hf XuX2) (k[X 3 ,X 4 ][[X 1 ,X 2 ]]/(X 1 X 4 + X 2 X 3 )) 

is naturally a module over k[[X\, X 2 , X 3 , X 4 ]\, because its support is 
{{X\, X 2 , X3, X4)}. This is true, because for every prime ideal p of 
k[X 3 , X 4 ][[Xi, X 2 ]\ different from (Xi, X 2 , X 3 , X 4 ) and containing X\X 4 + 
X 2 X 3 the ring i^\X 3 ,X^\X\,X 2 ^l {X\X 4 + X 2 X 3 y) v is regular, and so 
Hartshorne-Lichtenbaum vanishing shows that 

H 2 {XuX2) (k[X 3 ,X 4 ][[X 1 ,X 2 ]]/(X 1 X 4 + X 2 X 3 )) p = . 

A similar technique like in example 12,21 works to show that H™~ 2 (R/pR) 
is not artinian for R = k[[Xi, . . . ,X n ]], n > 4, p € (X n —i,X n )R a prime 
element and k an arbitrary field (may be finite): 
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Theorem 2.4. Let k be a field, n > 4, R = k[[X t , . . . , X n ]], I = 
(Xi, . . . ,X n _2)R o,nd p G R a prime element such that p G (X n _i, X n )R. 
Set D := D{H?- 2 (R)). 

(i) If p G R is a prime element such that p G (X n _i, X n )R n I holds, the set 

{p G Ass R (D)\p Ep} 

is infinite. 

(ii) If p G R is a prime element such that p G (X n _i, X n )R, H™~ 2 (R/pR) 
is not artinian. 

Proof.{\) It is easy to see that there exist f,g G /,/ G" (X n _i, X n )R and 
/ > 1 such that 

p = X l n f + X n ^g 

holds (note that / is not zero because p is prime). Let m G N + be arbitrary. 
We have 

p=(X l n + X™g)f + (X n _i - X?f)g 

and so p G I m := (X l n + XT 1 ^,^^! - X r { l f)R. The elements 
Xi, . . . , X n _2, X l n + X™<7, X n _i — X™/ form a system of parameters of 
R and so, by properties (i) and (ii) from above, there exists a p m G 
Ass R (D{H^- 2 (R))) containing 

Im- Pm necessarily has height two. For 

m, m' G N + , m ^ m' 

ylrn + Im 1 = (Xi,X n ,X n -i)R (~l a/ (X„_i,X n ,/, g)R 

holds; in particular, all primes containing I m +I m ' have height at least three. 
The statement follows now from property (i). 
(ii) If p $l I, it is easy to see that 

Supp R (H?- 2 (R/pR)) = V(I+ P R) , 

the set of prime ideals of R containing / + pR, and so H™~ 2 (R/pR) does 
not satisfy (^4i). We assume p G /: If H™~ 2 (R/pR) was artinian, its 
dual D(H™~ 2 (R/pR)) would be finitely generated; but we have seen be- 
fore that, because of the exactness of D and the right-exactness of H™~ 2 (_), 
D(Hj~ 2 (R/pR)) = Rom R (R/pR,D), and from (i) we know that the latter 
module is not finitely generated. 

Remark 2.5. Marley and Vassilev have shown 

Theorem ( 770), theorem 2.3]) 

Let (T, m) be a noetherian local ring of dimension at least two. Let R = 
T[xi, . . . , x n ] be a polynomial ring in n variables over T, I = {x\, . . . , x n ), 
and f G R a homogenous polynomial whose coefficients form a system of 
parameters for T . Then the *socle of Hf(R/ fR) is infinite dimensional. 
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In their paper |iQJ /. Marley and Vassilev say (in section 1) that Hartshorne's 
example is obtained by letting T = k[[u, v]],n = 2 and f = ux + vy; there is 
a slight difference between the two situations that comes from the fact that 
Hartshorne works over a ring of the form k[x,y][[u,v]] while Marley and 
Vassilev work over a ring of the form k[[u,v]][x,y]. The two rings are not 
the same. But, as 

Supp R (Hf uv) (R/(uy + vx))) = {(x,y,u,v)} 

(both for R = k[x,y][[u,v]] and for R = k^u,v\\[x,y\), the local cohomology 
module in question is (in both cases) naturally a module over k[[x,y,u,v]] 
and, therefore, both versions are equivalent, i. e. the result of Marley and 
Vassilev is a generalization of Hartshorne 's example. 

Remark 2.6. \lu\ theorem 2.3] and our theorem \2.J\ are both generalizations 
of Hartshorne 's example, but, due to different hypotheses, they can only be 
compared in the following special case: k a field, n > 4, 

Ro = k[[X n -i,X n ]][Xi, . . . ,X n _2] , 

R = k[[X u ...,X n }} , 

/ = (X\, . . . ,X n ^2)R, P £ Rq o- homogenous element such that p is prime 
as an element of R. Then [Tty, theorem 2.3] says (implicitly) that 

H?- 2 (R/ P R) 

is not artinian, if the coefficients of p E Ro in k[[X n -i,X n }] form a system 
of parameters ink[[X n —i,X n ]], while theorem \2.4\ says that the same module 
is not artinian if none of these coefficients of p is a unit in k[[X n -i,X n ]]. 
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